We present an improved Minimal Variance (MV) method for using a radial peculiar velocity sample to estimate the average of the three-dimensional velocity field over a spherical volume, which leads to an easily interpretable bulk flow measurement. The only assumption required for this interpretation is that the velocity field is irrotational. The resulting bulk flow estimate is particularly insensitive to smaller scale flows. We also introduce a new constraint into the MV method that ensures that bulk flow estimates are independent of the value of the Hubble constant H o ; this is important given the tension between the locally measured H o and that obtained from the cosmic background radiation observations. We apply our method to the CosmicFlows-3 catalogue and find that, while the bulk flows for shallower spheres are consistent with the standard cosmological model, there is some tension between the bulk flow in a spherical volume with radius 150h −1 Mpc and its expectations; we find only a ∼ 2% chance of obtaining a bulk flow as large or larger in the standard cosmological model with Planck parameters.
INTRODUCTION
One of the central ideas of the standard model of cosmology is the gravitational instability paradigm, in which small amplitude density fluctuations in the early Universe were amplified by gravity into the large-scale structure that we see today (Mukhanov & Chibisov 1981) . In this picture, growth of fluctuations continues today, taking the form of flows of galaxies on scales of 1 Mpc and larger. On scales of order 100 Mpc, these flows are still in the linear regime, and thus can be directly related to density fluctuations on these scales. Largescale flows are thus an important cosmological probe that can potentially provide confirmation of many features of the standard model.
Given that measurements of peculiar velocities of individual galaxies have large uncertainties, researchers have traditionally focused on velocity field statistics that average over many galaxies; by far the most common statistic is the dipole moment of the velocity field, also called the bulk flow. Early attempts to measure the bulk flow (e.g. Rubin et al. 1976; Dressler et al. 1987; Lauer & Postman 1994; Riess et al. 1995) were plagued by small sample sizes and difficult to control biases. Recently, however, the compilation of large catalogues of distance measurements with ∼ 10, 000 objects (e.g. Tully et al. 2016 ) has made it possible to accurately estimate the bulk flow on scales ∼ 100h −1 Mpc (Watkins et al. 2009; Feldman et al. 2010; Davis et al. 2011; Nusser 2014; Watkins & Feldman 2015b; Scrimgeour et al. 2016; Feix et al. 2017; Hellwing et al. 2017 Hellwing et al. , 2018 . For recent discussions of bulk flow determination methods, see e.g. , Davis & Scrimgeour (2014) ; Watkins & Feldman (2015a) ; Nusser (2016) .
Bulk flows have additional significance as a largescale flow statistic in being, at least in principle, independent of the value of the Hubble constant, Ho. While calculated peculiar velocities depend strongly on the Hubble constant, since bulk flows measure the dipole of the velocity field, they are theoretically insensitive to phantom monopole flows introduced by using an incorrect value of Ho. This characteristic of bulk flows is particularly appealing in an era where there is tension between cosmic background radiation measurements of Ho and more local measurements using the Hubble diagram (see, e.g. , Riess et al. (2016) ; Bernal et al. (2016); Planck Collaboration et al. (2016b) ; Freedman (2017) ; Riess et al. (2018) ).
This paper is organized as follows: in Section 2 we discuss some of the different ways of defining the bulk flow and the difficulty of comparing bulk flow estimates reported in different studies. In Section 3 we follow Nusser (2014) and show how the assumption of an irrotational flow allows the full, three-dimensional bulk flow to be written in terms of a weighted average of the radial component of the peculiar velocity, the only component of the velocity that is actually observable. In Section 4, we show that the resulting weighted average is well suited for estimation via the Minimal Variance (MV) method. We also show how a new constraint can be added to the MV method to ensure that the bulk flow estimate is independent of the value of the Hubble constant. Section 5 discusses the data on which we apply our method. In Section 6 we present the results of our analysis. Finally, in section 7, we discuss our results and put them in the context of other estimates of the bulk flow.
BULK FLOW ESTIMATION
While the bulk flow is easy to understand as a concept, measurements of the bulk flow can be difficult to interpret, and are usually not comparable between studies. How the calculated bulk flow of a survey probes motions on different scales is dependent not just on the size of a survey, but in how the individual sample velocities are weighted in the analysis. For example, peculiar velocity measurements typically have uncertainties that grow rapidly with distance. Given that nearby galaxies are also overrepresented in catalogues due to the relative ease of their observation, we have much more information about local flows than those at the outer regions of our samples. Unless this imbalance of information is accounted for, measured bulk flows can end up reflecting much smaller scales than that of the survey being used. One way to quantify precisely how the bulk flow probes the power spectrum is to calculate its window function as we discuss below (See also Macaulay et al. 2011 Macaulay et al. , 2012 .
Given the long history of bulk flow measurement, it is perhaps surprising how much confusion surrounds its definition, estimation and interpretation. When we think of the bulk flow, we typically envision the average of the full, three-dimensional peculiar velocity vi over a spherical volume V with a radius R
where i = x, y, z are the cartesian components of the velocity field. While this definition is quite simple in principle, in practice measuring the bulk flow defined in this way is difficult. First, the velocity field is not measured directly, but rather through the motions of individual galaxies, used as "tracers" of the velocity field. The distribution of the galaxies in peculiar velocity surveys can be very nonuniform, due to both the actual distribution of galaxies and the selection function of the survey, making it very difficult to achieve the uniform integral over the volume required by Eq. 1. Second, peculiar velocity measurements have large uncertainties, particularly at large distances, also making it difficult to probe a volume in a uniform way. Finally, only the radial velocity of a galaxy can be measured, making it impossible to carry out an integral of the full threedimensional velocity field directly.
These difficulties have led many researchers to consider an alternative framing of the bulk flow components Ui as the leading-order terms in a Taylor series expansion of the local peculiar velocity field vi(r) (Kaiser 1988; Jaffe & Kaiser 1995; Feldman & Watkins 2008; Feldman et al. 2010 )
where Uij is the shear tensor, and, following the Einstein summation convention, repeated indices are summed over. Unlike in the integral definition given in Eq. 1, here the bulk flow components are parameters in a model of the velocity field, allowing them to be estimated, for example, using maximum likelihood methods. However, since this definition doesn't reference a particular volume, estimates of the bulk flow defined in this way are difficult to interpret, and are not typically comparable between peculiar velocity surveys. The MV method (Watkins et al. 2009; Feldman et al. 2010; Watkins & Feldman 2015b ) remedies this problem by allowing velocity measurements to be weighted in a way that references an "ideal" survey with a given geometry, thus standardizing bulk flow estimates. In both the maximum likelihood and the MV method the bulk flow can be expressed as a weighted sum of radial peculiar velocities.
THEORY
One of the challenges of estimating the bulk flow as defined in Eq. 1 is its expression in terms of the full three-dimensional velocity field. Recently, Nusser (2014 Nusser ( , 2016 showed that if one makes the standard assumption that the velocity field is irrotational, and hence can be expressed as the gradient of a potential field, v(r) = −∇φ(r), this bulk flow can also be expressed in terms of the radial component of the peculiar velocity. The key idea here is that a potential field only has one degree of freedom, so that the radial com-ponent of the velocity carries all the information of the complete vector field. We start by expanding the potential φ(r) in terms of spherical harmonics Y l,m (θ, φ),
where φ l,m (r) are functions only of the radial coordinate r. In considering the bulk flow we are primarily interested in the l = 1 terms in the sum. It is convenient to express the l = 1 spherical harmonics in terms of the cartesian components of the radial unit vector, ri =xi ·r, wherê
Using these relations we rewrite equation Eq. 3 as
where the φi is used to quantify the three l = 1 dipole components of the potential. Following Nusser (2014), we can use the divergence theorem to write the bulk flow in terms of an integral over the surface of our spherical volume S,
Now we can substitute Eq. 7 into the integral and use the orthogonality of the spherical harmonics and theri to obtain the simple expression
since, for a spherical volume, V = 4πR 3 /3. Thus the bulk flow can be directly related to the dipole components of the scalar potential evaluated at the surface of the volume. Nusser (2014) has shown that this result can be used to express the bulk flow defined in Eq. 1 as a weighted integral of the radial component of the peculiar velocity, s = v·r, the one component of the peculiar velocity that can be observed. We start by noting that s is given by the radial component of the gradient of φ,
We can now imagine calculating the velocity momentsŨ i by integrating the radial peculiar velocity s(r) projected onto a cartesian axis over a spherical volume with a radially dependent weighting factor w(r),
where we have substituted Eq. 10 and again used the orthogonality of the angular basis functions. Following Nusser (2014), we see that the choice w(r) = R 2 /r
where we have used the fundamental theorem of calculus. Thus from Eq. 11 we have
This gives us the important result that the bulk flow defined in Eq. 1 in terms of the full, three-dimensional velocity field can be calculated exactly from the radial component of the peculiar velocity integrated over a spherical volume with a weighting factor proportional to r −2 . We note that the assumption of an irrotational flow is used only in the interpretation of the bulk flow and plays no role in our analysis; even without this assumption, the velocity moment given in Eq. 13 is a useful statistic for characterizing large-scale flows.
ESTIMATING THE BULK FLOW USING THE MV METHOD
Now that the bulk flow integral has been expressed in terms of the radial peculiar velocity field, the next step is to develop a method for estimating this integral using catalogues of peculiar velocities of individual objects. The Minimum Variance (MV) method (Watkins et al. 2009; Feldman et al. 2010; Watkins & Feldman 2015b ) is well suited for this task, since it is designed to estimate velocity moments that would be measured by a hypothetical "ideal" survey that probes a volume in a well determined way. The MV method envisions an artificial "ideal" survey that can provide a standard reference point for actual peculiar velocity surveys. For example, the ideal survey for measuring the bulk flow integrals in Eq. 13 consists of a large number of uniformly distributed objects within the spherical volume with positions rn and exactly measured radial velocities sn, so that the bulk flow would be given by
wherenn,i is the ith component of the unit vector pointing toward the nth object in the catalogue and rn is the distance to the nth object. Alternatively, the r −2 weighting can be achieved through the radial distribution of the ideal survey objects, i.e. by having an equal number of objects per spherical shell. For a survey with this radial distribution, the sum weighs points at different radii equally and the bulk flow integral becomes
This second option is much preferable over the first in that one can achieve the same accuracy with a much smaller ideal survey, resulting in shorter computation times.
The goal of the MV method is to determine weights wi,n for an actual catalogue of N measured radial peculiar velocities Sn, with associated measurement uncertainties σn, such that the weighted sums
provide the best estimate of the moments Ui that would be obtained from the ideal survey (for details, see Watkins et al. 2009; Feldman et al. 2010; Watkins & Feldman 2015b) . To find the weights, the variance (Ui − ui) 2 is minimized subject to some constraints, which are implemented using Lagrange multipliers. As in previous work, we impose a normalization constraint that n wi,nnn,j = δij, which ensures that a spatially constant flow is correctly estimated. Here we also consider a new constraint that guarantees that bulk flow estimates are not affected by uncertainty in the value of the Hubble parameter H0.
A tension has recently developed between measurements of the Hubble parameter H0 from cosmic microwave background analysis and those from more local studies (see, e.g. , Freedman (2017); Riess et al. (2018) ). A value of H0 is necessary to calculate peculiar velocities, and any error in H0 manifests as a phantom radial flow in the sample. This false radial flow contributes to the bulk flow estimate if the sum over radial velocities is not done in a completely isotropic way. We can enforce the isotropy of the bulk flow sum by adding an additional constraint to our weight calculation. Suppose that we use a Hubble parameter that differs from the true Hubble parameter by δH0. This error subtracts from each peculiar velocity an amount δv = δH0rn ≈ czn
, where we have assumed that peculiar velocities are much smaller than c, the speed of light. The contribution of the error in H0 to the bulk flow Ui is n wi,nczn 
then we can be sure that our bulk flow estimate is completely independent of any uncertainty in the value of H0. All together, then, we seek to minimize the quan-
where λij and βi are Lagrange multipliers. Expanding out the first term and plugging in the expression for ui from Eq. 16, we can write this expression in terms of the weights wi,n,
We can now find the weights that minimize this expression by taking a derivative of Eq. 19 with respect to wi,n and setting the result equal to zero,
(20) Solving for the weights gives,
where Gnm ≡ SnSm is the covariance matrix of the individual measured velocities. The values of the Lagrange multipliers can be found by plugging Eq. 21 into Eq. 19 and solving the simultaneous equations for λij and βi:
where
and
Eq. 21 allows us to calculate the MV weights for measured peculiar velocities in order to estimate moments of the velocity field that would be measured by an ideal survey. These weights depend on the covariance matrix Gnm = SnSm and the correlation SnUi , both of which can be calculated using linear theory given a power spectrum model. Since the measured peculiar velocity of the nth object Sn includes an uncorrelated error δn, we can write Sn = sn + δn, where sn is the actual peculiar velocity. Thus
where δnm is the Kronecker delta, σn is the measurement error of the nth object in the catalogue, and σ * is the velocity noise, which accounts for small-scale motions not included in the linear model. Next, given that the ideal moments Ui are weighted sums of the exact velocities of the ideal survey, Ui = n w i,n s n , where the sum is now over the objects in the ideal survey with the appropriate weights. This leads to
Both Gnm and SmUp depend on the correlation snsm between radial velocities of objects at positions rn and rm. In terms of linear theory this is given by the integral over the density power spectrum P (k) multiplied by an angle-averaged window function fnm(k),
We can also calculate the covariance matrix Rij for the estimates of bulk flow components through
where the tensor angle-averaged window function W 2 ij is given by
The diagonal elements of the tensor window function W 2 ii are extremely useful in quantifying what scales contribute to the bulk flow. In addition, a comparison of the window function for the survey estimate ui with the window function for the ideal moment Ui can indicate how well a survey can estimate a given moment. We discuss this comparison in more detail when we present our results in section 6. For a thorough numerical study of the MV formalism see Agarwal et al. (2012) .
For the power spectrum model P (k) we use the parametrization of the ΛCDM power spectrum of Eisenstein & Hu (1998) , including the effects of 
DATA
In this paper we use the most recent version of the CosmicFlows catalogue, CosmicFlows-3 (Tully et al. 2016) , hereafter CF3, which is a compendium of distances measured for 11,878 individual galaxies and groups, some from the literature and some from new measurements; this catalogue contains nearly all available distance measurements. The majority of the galaxy distances are determined via the Tully-Fisher or Fundamental Plane relations, both of which give uncertainties of around 20% of the distance, with a smaller portion of the distances coming from more accurate distance measures including SNIa, surface brightness fluctuations, Cepheids, and tip of the red giant branch. In compiling the CF3 out of individual surveys the authors made zero-point adjustments in order to ensure consistency in the catalogue as a whole. We use the group version of the catalogue in which galaxies determined to be in a group or a cluster have had their distances and redshifts combined into a single value of distance and redshift for the group as a whole. While previous versions of the CosmicFlows catalogue (Tully et al. 2013) were approximately isotropic, the CF3 has a markedly uneven distribution on the sky, primarily due to the addition to the catalogue of 8,885 distance measurements from the Six Degree Field Galaxy Survey (6dFGS) (Springob et al. 2014 ), all in the south celestial hemisphere. In Fig. 1 we show the distribution of the CF3 objects on the sky in Galactic coordinates. The south celestial pole is roughly in the −y direction in Galactic coordinates, and one can see that this side of the sky is much more heavily sampled than the +y direction. The anisotropic distribution of the CF3 catalogue objects makes it particularly important to use an analysis such as the MV method that weights objects in order to sample the volume in a well defined way; otherwise, it would be very difficult to interpret results from a catalogue whose objects are dis- tributed in such a nonuniform fashion. In particular, if not properly accounted for, the anisotropic distribution of a survey can result in contributions to the bulk flow from radial flows, both real and those arising from using an incorrect value of the Hubble constant; thus demonstrating the importance of the constraint (Eq. 17) we have introduced as discussed in Section 3. CF3 is essentially a catalogue of distance moduli and redshifts. Distance moduli generally have Gaussian distributed errors; however, exponentiating moduli to obtain distances skews the error distribution and leads to biased estimates of the distance r. The traditional estimator of peculiar velocity, v = cz − H0r, can thus lead to biased velocities with nonGaussian error distributions. Watkins & Feldman (2015a) have developed a new peculiar velocity estimator v = cz ln(cz/H0r) that gives unbiased velocities with Gaussian errors. Here we use this estimator to calculate peculiar velocities for the CF3 objects. Since the MV method assumes Gaussian errors in velocities, this choice is important for ensuring the accuracy of our results.
In order to calculate bulk flows we also need to know the positions of the objects in the catalogue. Although we have accurate measurements of the angular coordinates, measurements of distances are more problematic. While it would seem natural to use the distance estimates given in the catalogue, these have large uncertainties and are prone to various types of biases. However, the redshift cz differs from H0r only by the peculiar velocity, and provides a much more accurate measure of distance, and hence much smaller biases, for all but the closest objects in the catalogue. Here we use czn/100km s −1 as the position rn of the nth object in units h −1 Mpc. This is a particularly important choice given that the CF3 catalog is redshift limited and not corrected for Malmquist bias, so that objects with large distance measurements are biased toward having negative velocities.
RESULTS
In Fig. 2 we show estimates for the bulk flow components calculated using the MV method, described in Sec. 4, with ideal surveys of varying radii R weighted by r −2 . As discussed in Sec. 3, these estimates should correspond to the integral of the full 3-dimensional velocity field averaged over a sphere of radius R. For comparison, we also show the bulk flow estimated using ideal surveys that are Gaussian balls with radial weighting
where A is a constant. Note that estimates of the bulk flow components at different R are provided for comparison but are not independent; since they are calculated using the same data they have highly correlated errors. This Gaussian weighting is similar to that used in previous MV analyses of the bulk flow (Watkins et al. 2009; Feldman et al. 2010; Agarwal et al. 2012; Watkins & Feldman 2015b) ; however, here we have scaled the radius parameter R by a factor of 3. This is so that the resulting window function has a central peak with a similar width to the window function for r −2 weighting with the same R. We discuss this in more detail below.
In Fig. 3 we show window functions W 2 yy (the window functions for xx and zz are very similar) for the CF3 bulk flow estimates for the r −2 and Gaussian weighting with R = 150h −1 Mpc. The central peaks of the r −2 and Gaussian weightings have similar widths by design; it is for this reason that we scaled the radial parameter R by a factor of three in the Gaussian weighting as shown in Eq. 34. R=180h 1 Mpc Figure 4 . The bulk flow window function W 2 yy calculated using r −2 weighting for R = 90, 150, and 180h −1 Mpc. The solid red line is for the CF3 catalogue and the dashed black line is for the ideal catalogue. Note that at R = 180h −1 Mpc the CF3 window function is no longer able to match the ideal case.
This factor is necessary since the Gaussian function extends well beyond its nominal "width" as characterized by its scale length. Fig. 3 shows that the bulk flow calculated from a Gaussian ball of radius R defined as in Eq. 34 (dashed line) and a r −2 weighted (solid line) survey in the spherical volume r < R probe very similar scales. The Gaussian weighting scheme was originally chosen to "smooth" the sharp edge of the uniformly weighted tophat distribution and thus reduce the sidelobe of the bulk flow window function (Watkins et al. 2009 ) (WFH) relative to the tophat. While it succeeds in this goal, the r −2 weighting does even better, almost eliminating the side-lobe all together; thus bulk flows calculated using this weighting are only sensitive to velocity modes at or above the scale of the survey and are relatively insensitive to smaller scale motions within a survey. We see that Bulk flows calculated using the r −2 weighting scheme not only match the definition given in Eq. 1, thus reflecting our intuition for how the bulk flow should be defined, but also have a highly desirable window function. Fig. 4 shows the bulk window function W 2 yy of the CF3 with r −2 weighting for three different values of R, 90, 150, and 180 h −1 Mpc, together with the window functions for the corresponding ideal survey. We see from the figure that the bulk flow calculated from the CF3 using the MV method and r −2 weighting is a good estimate of the ideal survey bulk flow for R ∼ < 150h −1 Mpc, indicating that the CF3 is well suited to estimate the bulk flow within a sphere of this radius. However, for R larger than 150h −1 Mpc, e.g. the case of R = 180h −1 Mpc shown in the figure, we see that the central peak of the CF3 window function has reached a minimum width and has ceased to track the window function of the ideal survey. This suggests that R = 150h −1 Mpc is the maximum radius for which the CF3 can estimate the bulk flow accurately. The continuous lines in Fig. 2 show the expectation for the bulk flow estimates u 2 i calculated using the Planck Collaboration et al. (2016a) parameters, as discussed in Section 3. As would be anticipated, these expectations decrease with increasing R; however, the magnitude of the bulk flow doesn't decrease as fast as its expectation, so that the measured bulk flow magnitude is becoming less likely at large R. Beyond R =150h −1 Mpc, the bulk flow remains roughly constant since there is very little additional information is being added.
A χ 2 analysis can be used to quantify the probability of obtaining a bulk flow as large or larger than that measured. The χ 2 is calculated from the covariance matrix as
where the covariance matrix Rij is given in Eq. 32. In Fig. 5 we show the χ 2 calculated this way as a function of R, as well as the probability of obtaining a χ 2 as large or larger from the χ 2 distribution with 3 degrees of freedom.
As we see from Fig. 2 , the probability for the bulk flow to be as large or larger than that measured is smallest at the largest radius we consider, R = 150h −1 Mpc. We include larger R in the figure for comparison, but as discussed in the text, the CF3 sample is not deep enough to accurately estimate the bulk flow on these scales. In Table 1 we summarize the results at R = 150h −1 Mpc for both types of weightings.
Looking at the window functions in Fig. 3 , it makes sense that the bulk flow expectation would be larger for the Gaussian weighting, since the Gaussian weighted bulk flows have contributions from smaller scale motions as indicated in the side lobe in its window function. Surprisingly, though, the bulk flows calculated using Gaussian weights are consistently smaller than those using r −2 weights. These larger values and smaller expectations lead to the χ 2 for the bulk flow using r −2 weighting being somewhat larger than that found with Gaussian weighting. This in turn leads to a smaller probability of finding a bulk flow as large or larger; while bulk flows calculated with Gaussian weighting are consistent with the standard model, the r −2 weighting gives a probability of only 2.2%, thus indicating a tension between the bulk flow on this scale and the Planck cosmological parameters.
DISCUSSION
We have introduced a new method for calculating the bulk flow from a catalogue of peculiar velocities that has several advantages over other methods. First and foremost, it is much easier to interpret than estimates obtained using other methods. In particular, with the minimal assumption that the velocity field is irrotational, the bulk flow estimated with the MV method using a r −2 weighted ideal survey corresponds to the integral of the full three dimensional velocity field over a well defined spherical volume.
In cases where the data cannot provide an accurate estimate of the bulk flow on a particular scale, it is clearly indicated by the window function of the bulk flow estimate not matching the ideal survey window function. In contrast, bulk flows calculated by methods such as maximum likelihood are very difficult to interpret, as they are particularly sensitive to a given survey geometry, and sample and error distributions and thus do not correspond to a well-defined volume. Methods such as maximum likelihood give the most weight to nearby galaxies that have smaller uncertainties in their velocities, which can result in bulk flow estimates that probe smaller scales than those of the survey probes.
A second advantage of the MV method is that it is very effective at averaging out flows on scales smaller than the volume of interest, as can be seen from the window functions in Fig. 3 . Other methods of estimating the bulk flow, including other weighting schemes, can give window functions with wider central peaks and with non-negligible side lobes, resulting in bulk flow estimates that contain significant contributions from smaller scale power. This is a very important consideration. Bulk flow components are different from some other cosmological probes in that models do not predict their mean, which is zero, but rather their variance. The strongest possible constraint from bulk flow measurements comes from minimizing the predicted variance; a smaller predicted variance shrinks the acceptable range of bulk flow component values for a given model.
The primary way of reducing this variance is by increasing the depth of peculiar velocity surveys. This has the effect of reducing the width of the central peak of the window function so that a larger fraction of bulk flow is coming from large scales, where the power spectrum vanishes. However, a deep peculiar velocity survey does not necessarily guarantee a small predicted variance. If a bulk flow analysis gives more weight to the inner part of the survey, where there is more information, then the central peak of the window function can be wider than expected. Furthermore, additional variance can come from the incomplete cancellation of smaller scale flows. The MV method with r −2 weighting can provide bulk flow estimates with minimum predicted variance both by having very small side lobes and thus allowing one to simply determine the maximum radius for which a given survey can accurately determine the bulk flow.
An additional advantage of the MV method is that it allows for constraints to be easily placed on the bulk flow moments using Lagrange multipliers. Here we have imposed a constraint that ensures that the bulk flow moments are independent of the value of the Hubble constant Ho. For the case where CF3 catalog velocities are calculated using Ho = 75 km/s/Mpc, a value for which radial flows are roughly minimized, the constraint changes the bulk flow components by a few km s −1 and reduces the χ 2 value from 10.49 to 9.59. The probability of finding as large or larger a bulk flow is increased to 2.2% from the 1.5% obtained without the constraint. We note that the current tension in the value of the Hubble constant makes it difficult to assess the magnitude of the radial flows in our local volume. The effect of the constraint could be somewhat larger in a peculiar velocity catalog that has more significant radial flows or a more anisotropic distribution.
While the result of our analysis, that there is only a ∼ 2% chance of obtaining the observed bulk given the parameters of the cosmological standard model, is similar to that of WFH, it is important to note the differences in both the data and the method used.
First, the quantity of peculiar velocity measurements has increased dramatically; whereas WFH had ∼4,500 peculiar velocities of groups and individual galaxies in the COMPOSITE catalogue, the current analysis uses nearly 12,000, an increase of more than a factor of two. The addition of new data hasn't significantly changed the direction of the bulk flow, but it has reduced it's magnitude; the gaussian weighted bulk flow with R = 150h −1 Mpc (corresponding to R = 50h −1 Mpc in WFH) went from about 400km s −1
in WFH to less than 300km s −1 in the current analysis. The addition of new data has also resolved an unexpected result from WFH; they saw the bulk flow sharply increase as the scale R became large, a result that is difficult to provide a physical explanation for. In Fig. 2 we see that in the current work the bulk flow decreases and then remains roughly constant with increasing R.
Second, we have introduced a r −2 weighting scheme which results in a window function with smaller side lobes than in the Gaussian weighting, indicating that bulk flows calculated with this weighting are less susceptible to velocity modes on scales smaller than the survey. Given that they are only sensitive to scales as large or larger than R, they necessarily have smaller expectations for the bulk flow, as seen in Fig. 2 . However, we also see in Fig. 2 that the bulk flow for the r −2 weighting is actually larger than that found using Gaussian weighting, so that the χ 2 for the r −2 weighting is significantly larger than for the Gaussian case. In fact, the χ 2 we calculate for the r −2 weights are similar to those obtained by WFH for Gaussian weighting.
It is important to note that disagreement with the standard cosmological model only occurs at the largest scales probed in this study, ∼ 150h −1 Mpc. At smaller scales, the bulk flow magnitude is consistent with expectations. Thus the question of whether the bulk flow is inconsistent with the standard cosmology depends strongly on precisely how the bulk flow is calculated. It is not surprising, then, that there is disagreement on this question in the community, where different analyses can weigh information in different ways, even when using the same peculiar velocity catalogue. Our result by itself is only suggestive of continuing tension with the standard model, but is not conclusive. Ultimately, resolving the question of whether large scale flows are consistent with expectations will require additional measurements of peculiar velocities, particularly of objects with distances ∼ 150h −1 Mpc. Acknowledgements: SP and RW have been supported in part by a grant from the Murdock Charitable Trust. We would like to thank Andrew Jaffe for his helpful comments. Watkins R., Feldman H. A., Hudson M. J., 2009, MN-RAS, 392, 743 
